Abstract. It is shown that, given any k-dimensional lattice Λ, there is a lattice sequence Λ w , w ∈ Z, with sub-orthogonal lattice Λ o ⊂ Λ, converging to Λ (unless equivalence), also we discuss the conditions for faster convergence.
Introduction
A large class of problems in coding theory are related to the study lattices having a sub-lattices with orthogonal basis (sub-orthogonal lattices). Several authors investigated the relationship of sub-orthogonal with spherical codes, and with q-ary codes (see [1, 3, 8-10, 13, 15-18] ), but of course that does not restrict to these problems ( [2, 4, 5, 12] ).
In general, lattice problems concentrated in determining certain parameters, such as the shortest vector, packing radius and packing density; radius cover and cover density. The points of are interpreted as elements of a code, thereby determining a coding scheme and efficient decoding is essential. There are several buildings in the literature that establish the relationship of linear codes with lattices ( [7] ). This paper is organized as follows. We will fix the notations and definitions of lattices in Section 2. We present the construction of a sequence of lattices in section 3. In Section 4, we present a case study for special cases lattices for: the root lattices D n and E n (n = 7, 8) and Leech lattice Λ 24 .
Background definitions and results
A lattice in R n is an discrete additive subgroup of R n , Λ, which has a generator matrix with full rank, n × k, B, e.g, v ∈ Λ ↔ v = u t B (u ∈ Z k , k is said rank of Λ. The determinant of a lattice is det(Λ) = det(G), there G = BB t is an Gram matrix of lattice Λ and the volume of lattice is det(Λ) (volume of the parallelotope generate for rows of B). The minimum norm of Lattice Λ, ρ(Λ), is min{ v ; v ∈ Λ and v = 0} and center density packing of Λ is δ Λ = ρ(Λ) n 2 n vol(Λ)
. Two lattices Λ 1 and Λ 2 , with generator matrices B 1 and B 2 are equivalence if, only if B 1 = c UB 2 O, there c ∈ R, U is unimodular matrix (integer, k × k matrix with det(U) = ±1) and O is the orthogonal, n × n matrix 2 (OO t = I n , I n identity matrix n × n). Dual lattice of Λ is a lattice, Λ * , obtained for all vectors u ∈ span(B) (there span(B) is a vector space generated by the rows of B) with that u · v ∈ Z, ∀v ∈ Λ, the generator matrix of Λ * is B * = (BB t ) −1 B, in particular, B * = B −t if n = k. A sub-lattice, Λ , is a subset of Λ which is also lattice, if Λ has generator matrix is formed by orthogonal row vectors we will say that it is a sub-orthogonal.
Since the lattice is a group, remember that the quotiente of the lattice Λ by sublattice Λ , Λ Λ , is as a finite abelian group with M elements, where M is a ratio of volume of sublattice Λ by the volume of lattice Λ, e.g., M = vol(Λ ) vol(Λ) . The M elements of lattice Λ, can be seen as an orbit of null vector in k-dimensional torus Λ Λ . This essentially establishes the relationship with a central spherical class codes, as well as a class of linear codes track construction "A" and similar constructions, see more details ( [7] ).
Suborthogonal sequences
Consider a lattice Λ ⊂ R n , of rank n, contain a the orthogonal sub-lattice, Λ o ⊂ Λ, such that Λ o is equivalence to Z n , e.g., the generator matrix of Λ o is c O, with OO t = I n . Let B and B * = B −t the generator matrices of Λ and Λ * (respectively). Assuming that B * has integer entries, Then lattice, Λ, with generator matrix B = adj(B * ) = det(B * )B * −t has a sub-orthogonal lattice, Λ o , with generator matrix B * B = det(B * )I n . The ratio of volume measured quantities points and in this case it is
In general, we want to build code with many points and as we increase the amount of points the lattice come on, unless of equivalence, a similar lattice to a previously chosen. This motivates the following construction: Proposição 2.1. Let's Λ be a lattice whose dual of the generator matrix B * has integer entries and Λ * w with matrix generator B * w = wB * + P, where B * , is generator matrix of equivalent lattice of Λ * , P is an integer matrix any and w is integer. Then lattices Λ * w and Λ w with generator matrices B * w and B w = adj(B * w ) (respectively) to satisfy 1 w Λ * w −→ w→∞ Λ * and by continuity of the matrix inversion process
Corolário 2.1. Let's Λ be a lattice whose dual of the generator matrix B * and Λ * w with matrix generator B * w = wB * + P, where B * , is generator matrix of equivalent lattice of Λ * , P = wB * −wB * , in other words B * w = wB * (rounded entries) . Then lattices Λ * w and Λ w with generator matrices B w and B w = adj(B * w ) (respectively) to satisfy 1 w Λ * w −→ w→∞ Λ * and by continuity of the matrix inversion process
The corollary allows to extend the use of the proposition for whose lattices dual have not, un less equivalence, integer generator matrix.
When it comes to convergence, it's natural curiosity with regard to convergence, this motivates the following propositions: Proposição 2.2 (faster dual convergence). Let's Λ * w and Λ w as in Proposition 2.1 Then faster convergence is obtained by imposing P = S B, where S is antisymmetric matrix n × n and minimizing inputs PP t , naturally P identically zero is the best convergence, because there is no error.
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Proposição 2.3 (faster convergence). Let's Λ * w and Λ w as in Proposition 2.1 Then faster convergence is obtained by imposing P = B * S, where S is antisymmetric matrix n × n and minimizing inputs BP t GPB t , naturally P identically zero is the best convergence, because there is no error.
The structure of the group obtained by the quotient of lattice sequence, Λ w , by their respective orthogonal sub-lattice can be determined and extended, applying the Theorem 2.4.13 [H. Cohen book pp 75].
In particular, B * is lower triangular matrix and P = C n = (c i,j ) (cyclic perturbation), where c i,j = 1 if j = i + 1 and c i,j = 0 otherwise, the quotient is cyclic group although convergence is not nearly quadratic.
Lattices of rank n that unless equivalence are sub-lattices the integer lattice Z n , play an interesting role with regard to convergence as discussed below with case study, next section.
Case study
In this section we present the construction applied to special cases: D n , E n (n = 7, 8), and Λ 24 . Illustrate the performance of the quadratic (P = 0 n null matrix n × n) versus quadratic convergence associated with groups of no more than two generators (P = P n , good pertubation n × n), it is unfortunately not possible to obtain a dimension anyone quotient that is cyclic and at the same time has quadratic convergence. We will display also results showing the performance of this construction with limiting associated spherical codes proposed in the paper [13] , the problem was partially resolved in the previous article ( [1] ), but the solution is presented only for special lattices and the solution in each case depends on many calculations explored by sub-orthogonal lattice and this article will not explore the concept of initial vector.
The root lattice
We consider the generate matrix of D * n as D * n and good perturbation is P n : 
The good perturbation is P n as above, this case the quotient is cyclic case odd n, the performance is illustrated in Table 1 and in Table 2 3.2 The root lattice E n Unless equivalence assuming that E * 7 , E * 8,1 and E * 8,2 are generated by matrices E * 7 , E *
8,1
and E * 8,2 and the good perturbation P 7 , P 8,1 and P 8,2 .
4 Table 1 : 3-dimensional performance, for perturbations 0 n , P n and C n respectively. Table 2 : 3 to 6-dimensional performance, for perturbations P n . The performance is illustrated in Table 3 (note that the density ratio is deployed close and the amount of associated points are: 1.664.641.200 points for dual lattice 10 E * 8,1 +P 8,1 and 11.430.630.576 for dual lattice 9 E * 8,2 + P 8,2 (very more points in the second case). The Table 4 illustrates the performance applied in spherical codes, details in [13] , the non-null perturbation is better in the case of E 8,1 representation, moreover, point out that 5 the performance is similar to the second representation with null perturbation (in bold: distances near and number of nearby points) 
The Leech lattices Λ 24
The laminate lattice is generally dense in their respective dimensions in special dimensions, n = 9, 15, 16, 19, 20, 21, 24 admit integer representation un less equivalence, and in these cases can analyse the fast convergence, consider n = 24 the matrix generator of Leech Lattice, unless equivalence is L 24,1 and L 24,1 , obtained as sub-lattice of E ) and the second case to null perturbation (P 24,2 = O) and we analyse the performance point of view of the spherical codes, see Table 5 (the first two columns refer to the first case).
Conclusions
We conclude that all n-dimensional lattice, up less scale, can be approximated by a sequence of lattices that have orthogonal sub-lattice. Furthermore, there is a degree of freedom (n(n − 1)/2) for quadratic convergence, this freedom induces quotient group with different number of generators and can make convergency more fast in certain applications, for example in the case of spherical codes are reticulated target has some multiple minimum vectors of some canonical vector, we find a non-null pertubation as it will be more efficient. We present here a method for finding lattices with sub-orthogonal, our method is simpler, more general and more efficient than the one presented in [1] . 
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